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Abstract 

In field theory, as well as in mechanics, the substitution of some fields in terms of other fields at the 
level of the action raises an issue of consistency with respect to the equations of motion. We discuss this 
issue and give an expression which neatly displays the difference between doing the substitution at the 
level of the Lagrangian or at the level of the equations of motion. Both operations do not commute in 
general. A very relevant exception is the case of auxiliary variables, which are discussed in detail together 
with some of their relevant applications. We discuss the conditions for the preservation of symmetries - 
Noether as well as non-Noether - under the reduction of degrees of freedom provided by the mechanism 
of substitution. We also examine how the gauge fixing procedures fit in our framework and give simple 
examples on the issue of consistency in this case. 
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1 Introduction 



In many instances of field theory, generally with the aim to make easier the treatment of the 
system, and in particular the obtention of solutions, some reduction procedures are sometimes 
introduced. A specific case is that of dimensional reduction, by which, as its name clearly indicates, 
the dimensions of spacetime are reduced and the system becomes simplified. Another type of 
reduction is based on the introduction of relations between the fields; this is the one we will be 
interested in here. At the level of the equations of motion (EOM), this reduction of degrees of 
freedom obviously amounts to the addition of new equations. Thus, the set of solutions of all the 
equations, old and new, if such a set exists, will be a subset of the solutions of the original theory. 
We say in such a case that the solutions of the new EOM are upliftable to solutions of the EOM 
of the original theory. 

One must be aware, though, that for theories whose dynamics is derived from a variational 
principle, problems may arise if one tries to implement these relations - which we will henceforth 
call constraints - at the level of the Lagrangian. In a nutshell: the processes of implementing 
the constraints at the level of the Lagrangian or at the level of the EOM do not commute in 
general. In this note we will discuss the consequences, at the level of the variational principle, of 
introducing constraints, and we will give a formula which explicitely shows the non-commutativity 
between both processes. Sometimes this commutativity is crucial for a reduction to make sense, 
because it will guarantee - at least in the classical setting here considered - the preservation of the 
physical content of the original theory. When commutatitvity holds, we say that the reduction is 
consistent. 

Once the conditions to guarantee the consistency of a reduction process - of the type described 
above - are properly understood, one can consider the inverse route in which, instead of a reduc- 
tion, an enlargement of the system is made, with the introduction of new variables, in such a way 
that the new system brings back the original one under a consistent reduction. It happens that 
sometimes the simplification for the treatment of the system is achieved not by reducing, but by 
enlarging it. A typical procedure to this effect is the introduction of auxiliary variables, to which 
we devote a section of this paper. 

Aside from the aforementioned consistency issue, one can consider the different issue of preser- 
vation of symmetries under the substitution of some fields. These two different issues are often 
related because sometimes the reduction - or enlargement - of degrees of freedom is connected 
with symmetry considerations. We give a simple condition which ensures the preservation of 
continuous symmetries, with the geometric interpretation of being the requirement of tangency 
of the infinitesimal variations defining the symmetry to the constraint surface associated with the 
reduction. 

We study with some detail the reductions made by the elimination of auxiliary variables, and 
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show that the preservation of continuous symmetries is guaranteed in this case, with the additional 
result that all Noether symmetries are preserved as such. 



We will limit ourselves to constraints that can be expressed as the determination of some 
variables - that is, fields of field components - in terms of the rest, by way of a local functional 
- depending on the fields and their spacetime derivatives in a finite number. Our constraints are 
thus more general than the purely holonomic ones - which have no spacetime derivatives - but 
not the most general ones one can conceive. In Section 2 we prove our main result. In Section 
3 the conditions for the preservation of symmetries under the reduction are discussed. Section 4 
is devoted to auxiliary variables and some of their different physical impersonations. Section 5 
deals with gauge fixing constraints and Section 6 is devoted to conclusions. 

2 Field substitutions 

Let us consider a field theory, governed by a variational principle with action 



where C is the Lagrangian density, with depends on the fields and their derivatives, in a finite 
number. Our aim is to study the consequences, as regards the dynamics and the action principle, 
of the substitution of some fields, let us call them tp, by local functionals of the rest of the fields, 
which we denote <j>. Thus <f> and tp represent a certain number of fields or field components, with 
their indices suppressed^]. 

We set ip = -^X^ dfj,(j), d^cf), . . .) to define, from the Lagrangian £[(f),ip], the reduced La- 
grangian C r := £| F , where ip — > F includes d^ip — > d^F, etc. What is the effect of this 
substitution at the level of the variational principle? This is the issue which will be explored in 
the following. 

Let us consider the variation of the action under arbitrary variations of the fields^. We have 



where [C], stands for the Euler-Lagrange functional derivative of £ with respect to 4>, etc., and b.t. 
represents generic boundary terms, that is, an integration on the boundary dAi of the manifold M. 
where the integration in (|2.1I) takes place. Though important in other contexts, these boundary 
terms will play no role in our discussion. 

1 An index free notation for the fields will be used throughout the paper. 

2 Variations will always be "active", that is, they will never touch the spacetime coordinates. 




(2.1) 



8S 
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One can define also the action for the reduced Lagrangian, S r = J C r , and its variation 



<5<S„ = / 5C 



J[£ r ]^ + b.t.. (2.2) 



It is easy to see that the following relation holds ((5S)\ F represents (SS)\ F ) 

(SS) ]F =5S r (2.3) 

because, associated with the process of reduction ip — > F, the variations 5ip must be understood 
as (Sip)\ F = 5F and thus (|2.3p is nothing but the ordinary application of the chain rule. 

Let us now expand the first side of the equality (|2.3|) (in general the subscript F represents 
the substitution ip — > F everywhere, including derivatives). 



dF dF 
+ 5r^,/« + Tr—H^v + •••))+ b.t. 



(SS) ]f = J (([£],)| F ^ + ([£]J| F 5F)+b.t. 
= / (mX**+MX(%j 

+ b.t., (2.4) 

where (j> t(i := d^4> are derivatives with respect to the coordinates of the manifold -in a given 
patch-, etc. Having no effect on the spacetime coordinates, the variations of the fields commute 
with the spacetime derivatives. Here and henceforth, dots as in the last equation represent obvious 
contributions from higher derivatives of the fields. 

The second side of (12.3(1 has been expanded in (|2.2p . Since (12. 4p must be equal to (12.21) and 
the variations 5<p are arbitrary - they may even vanish outside a finite region of spacetime -, we 
obtain 



Pri = mx + wx% - wwx^rf + ^mx^) + ■■■ 



(2.5) 

Expression (|2.5p displays in the right hand side, after the first term, what must be read as the 
chain rule for the functional Euler-Lagrange derivative. It explicitely shows the difference, as 
regards the substitution ip — ► F, between doing it at the level of the Lagrangian, £ — ► C r , or at 
the level of the EOM. Clearly, both operations do not commute. If for [C] = we symbolise all 
the EOM for £, etc., we have indeed that 

[£} lF =0 => [C r ]=0, 

but not the other way arounojE As a consequence, in general, a solution of the EOM for C r is 
not upliftable (through the definition tp = F) to a solution of the EOM for C. 



3 Note that in the particular case in which F does not depend on the fields 4> ( so ^ ~ * F sets the fields ip to 
specific configurations), we obviously have [-C r ]j, = ([£L)| P = 0, but equations [Z!]^)^ = are missing. 
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In the case of mechanics a simplified version of (|2.5p . obtained by direct computation, appears 
in the appendix of [T]. 



Some comments are now in order: 
Comment 1 

The dynamics generated by C r is equivalent to the dynamics obtained by applying to the 
original Lagrangian the Lagrangian multipliers method. This is a field theory generalization of 
the results, see for instance [2L in mechanical systems. Indeed, defining the enlarged Lagrangian 
with the Lagrange multipliers^ A, C e := C + X(ip — F), its EOM are 

[CX = n~^ + a,(A^-) + ... = (2.6) 

= [£],+ A = (2.7) 

[C e ] x =^-F = 0, (2.8) 

and plugging the second and third EOM into the first we arrive, in view of (|2.5p . at the EOM for 
the reduced Lagrangian, [C r \. = 0. 

We may notice that the variables tp,X play the role of auxiliary variables in £ e , which is the 
subject of section HI 

Comment 2 

Expression (12. 5p bears a strong resemblance in structure with a formula obtained in [3], which 
will be used later on, 



5[c] A = [5c\ A - m B -^r + Wb-q^-) - WWbq^t) + • • • • (2-9) 



where ip A , tp B represent any field of field component. This equation was obtained from consid- 
erations concerning the variation of the Euler-Lagrange derivatives of a given Lagrangian versus 
the Euler-Lagrange derivatives of the variation of this Lagrangian. Formula (12.91) is valid for 
variations which are local functionals of the fields. Again, it all boils down to the chain rule for 
the functional derivative. 

Comment 3 

The Noether identities for gauge theories can be quickly derived from this chain rule: consider 
an action S = J £, functional of the fields (p, and suppose that S(p is an infinitesimal Noether gauge 
symmetry, depending on some arbitrary infinitesimal function e(x) and its spacetime derivatives 



4 In our index free notation, there are as many Lagrange multipliers as substitutions tp — > F. 
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up to a certain order. An infinitesimal parameter 5X is present in the function e; since 5<p is first 
order in this infinitesimal parameter, the dependence of 5(p on e must be linear, 



6<p = R v e + R>>e ttt + R?e iltt , + ..., (2.10) 



for some functions R v , R 1 , R^ v ' , • • • of the fields and their spacetime derivatives. We have 



5S = J^C = j[£] v 6<p + b.t. =b.t., 



(where the last equality comes from the Noether condition of symmetry) and the computation of 
the functional derivative of 5S with respect to e(x) gives 

A(i S ) = [£ ]„^-a,([ £l ^) + ^ ([£ ].|^, + ..., 



(in fact we could cancel out the infinitesimal parameter SX form both sides) but since 5 S is a 
boundary term, -j^(5S) must vanish for values of x in e(x) denoting points in the bulk of the 
manifold, that is, not in the boundary. We infer, using (|2.10l) . that 

[L] V R V - d^ClR*) + d^lClKn + • • • = , (2.11) 

which is the Noether identity for the gauge symmetry Sep, Thus we realize that the Noether 
identity is just the expression of the independence of 5S with respect to the arbitrary function e 
present in the variation 5. 



3 Preservation of symmetries 

In the computations leading to (|2.5p . the variations 5(f), 5ip were arbitrary and the relation 
(5if))\ F = 5F was just the expression of the substitution ip — ► F at the level of the variations 
themselves. A completely different matter occurs when the variations represent infinitesimal 
symmetries and are given by specific functionals of the fields (as is the case in (|2.9I) ). Without 
changing the notation, in this section 8(f), 5if> stand for specific infinitesimal local functionals of 
the fieldj§. In this case it is clear that {5ip)\ F is not necessarily equal to (&F)iJ§, and that only 
under very restricted circumstances the equality will hold. Indeed we may define the symmetry 
to be consistent with the substitution if) — > F if and only if (5if) — 5F)\ F = 0. In such case, with 
the general definition 

5 r (f) := (5(j)) lF , (3.1) 

5 The infinitesimality can always be associated, for each independent symmetry, with the presence of an in- 
finitesimal parameter as a global factor in all 5<f>, dip. 

6 Note that we write now (8F)\ F because &<f> may depend on ip or on its derivatives. 
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we still have then the crucial result that (5S)\ F = 5 r S r as an application of the ordinary chain 
rule. In particular this means that if S S is a boundary term, so it is 5 r S r . This allows us to 
formulate the following: 
Proposition 1.- 

If 5(f), 5ip is an infinitesimal Noether symmetr^ for £, consistent with the substitution ip — > F, 
that is, if the 



holds, then 6 r (j) is a Noether symmetry for £ r . 

This result is general for Noether symmetries, either rigid or gauge. The obvious geometric 
interpretation of (13.21) is that of a tangency condition of the infinitesimal symmetry transformation 
with respect to the constraint surface defined by ip — F = 0. Note that this condition (|3.2|) for 
the preservation of the Noether symmetries is independent of the analysis made in the previous 
section on consistent reductions. These are two independent issues. A case where a substitution 
- be it consistent or not - of this type, ip — > F, is performed, with the aim of getting a reduced 
theory ensuring the preservation of certain symmetries is known in the literature as the inverse 
Higgs mechanism [4], see [5] for a recent application. 

For purposes that will become clear in the development of the next section, let us elaborate 
with more detail on our findings concerning the preservation of the Noether symmetries. With 
5<p, 5ip being again specific variations, that is, functionals of the fields, we have 



where by "div." we mean generic divergences. Then, using equation (12. 5ft and the definition (|3.1I) 
in the second equality, 



= ([£] j, F (^)| F + [£ r ]^6j - ([c]*)\AF = \£r\M + m<)\Ml> - F ))\ F + div - 



Tangency condition : 




(3.2) 



5 r £ r + ([£l) lF m-F)) lF +drv.. 



(3.3) 



We have obtained an interesting equation 



(6£) ]F = S T £ r + ([£] J, F W " F)) ]F + div. 



(3.4) 



7 Noether symmetries are characterized by the fact that 8C is a divergence, or, what is the same, SS is a boundary 



term. 
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which informs us of some sufficient conditions for the preservation of Noether symmetries under 
the substitution if) — * F. A first application of (|3.4p is immediate: noticing that if 5C is a 
divergence so it is (8£)\ F , we obtain from (|3.4j) 

(<5(V - F)) lF =0 (SC = div. 5 r C r = div.) (3.5) 

which is the result already stated in Proposition 1. But now (|3.4j) is ready for yet another, 
second application, to be made in the next section. 

4 Auxiliary variables 

Suppose that the variables ip are auxiliary variables. By this we mean that they can be isolated 
in terms of the other variables by using their own EOM. In this case we can take F such that 

[Cl=0 ij = F(<p,d fl <P,d fl ^,...). (4.1) 

In such a particular case, ([£] ,)\ F vanishes indentically, and (12. 5p becomes [£ r ] = ([£] ,)i F . This 
proves that when auxiliary variables are substituted back into the Lagrangian by using their own 
EOM, the dynamics for the rest of the variables remains unaltered, that is 

Elimination of auxiliary variables : [£]\ F = [A] = 0- (4-2) 

This is a very special case in which both procedures, i.e., substitution into the Lagrangian or 
substitution into the EOM, commute. Whether this result may hold in particular cases for 
substitutions not coming from auxiliary variables depends on the specifics of each situation (for 
instance, in the case that = =>■ [C\ it = it seems likely that equivalence may hold), but 
it must be checked on a case by case basis. 

4.1 Auxiliary variables and preservation of symmetries 

Expression (13. 4p already contains the proof that the reductions made by the elimination of aux- 
iliary variables preserve the Noether symmetries. In fact one derives from (|3.4p 

([£],),, = (SC = div. 8 r C T = div.) . (4.3) 

Thus the preservation of Noether symmetries is always guaranteed in this case. 

One may ask nonetheless whether the tangency condition holds for Noether symmetries in 
reductions driven by auxiliary variables. In a strict sense, the answer in general is in the negative, 
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even though it still holds on shell. Let us prove it. Since (14. ip is satisfied, we see that the condition 
(|3.2p can be equivalently written as: 

Tangency condition with auxiliary variables : (<^[^]^)| F = 0, (4.4) 

where now the subscript F has the equivalent meaning of requiring [C]^ = with ip being the 
auxiliary fields. Our next task is to check whether (14.41) is satisfied. According to (|2.9p . we know 
that 

where cp represents any field, <p = (p, ip. Note that (14.51) gets simplified when we take into account 
the assumption that the variations are a Noether symmetry for the original Lagrangian C. This 
implies in particular that [SC]^ = 0. Since ip are auxiliary variables, the satisfaction of (|4.1|) 
guarantees that (|2.5p is just [C,,]^ = ([£] Then equation (14. 5p becomes, under ip — > F, 

856, „ / r „ , 9(50. \ „ /.„ . 9 



M4 4 >l, = -fcU-gf\, + M^a^*) - MW.5S:I»J + ' (46) 

and the obstruction for the satisfaction of (|4.4p is identified: in general (|4.4I) will not be true as 
long as the variations 5(p functionally depend on the auxiliary variables. 

Note however that the eventual violation of (14. 4p is mild, for it is still satisfied on shell, that 
is, for [£ r ] = 0. Thus in the case of auxiliary variables a weak form of the tangency condition 
still holds for Noether symmetries. 

Finally, let us explore the fate of the continuous non-Noether - or on shell - symmetries. They 
only need to satisfy the requirement of mapping solutions into solutions and are characterized by 
the property (see [3]) 

On shell continuous symmetry : (<5[£]) [£]=0 = 0. (4.7) 

Here we prove that an on shell symmetry is preserved under the elimination of auxiliary variables. 
First note that, just by definition of auxiliary variables, 

[C] = rp-F = 0, [C r ]=0, 

which implies 

(«5[£]) [£]=0 = (S^-F)) =0, (S[C r ]\,_ F ^ [Cr] ^ = 0. 

\ / ^,_F =0 , [C r ]=0 

The first term in the right hand side is the on shell - or weak - tangency condition, which is a 
result we already knew for Noether symmetries. As for the second term, using the definition (13. ip . 
it becomes 

(S[£rD^=o, [C r] =o = ( < U £ .])[£ r] =o . 
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and therefore 

M) M =o = ° (^[^]) [£r]=0 = 0. (4.8) 

In view of the characterization (14. 7p of on shell continuous symmetries, this result (|4.8j) allows us 
to conclude that 5 r defines an on shell symmetry of C r if 5 is an on shell symmetry of C 

In conclusion, we have proved the following: 
Proposition 2.- 

The original continuous symmetries are preserved through reductions made by the elimination 
of auxiliary variables. If the symmetries are of the Noether type, they will also be for the reduced 
theory. 

4.2 An example 

Consider the Lagrangian in mechanics, extracted form [5], 

L = m(vx- ^v 2 ) + re-ey-uV , 

where x = (x , x 2 ), v = (v , v 2 ) are independent configuration variables. It is clear that the 
variables v l are auxiliary only for k = 0, because the EOM then dictate v = x. For k / they are 
not auxilary anymore, but we can just keep the substitution v — ► x in order to check the formula 
(|2.5p . L r becomes 

Now, ([L]^)| F = —mx % , ([L] .)\ F = KeijX^ , and . = —mx % — neij'x 3 . One can immediately 
verify ([231) . 

Note that the equivalence (|4.2|) is only achieved for k = 0. Indeed, keeping always the 
right hand side of (14.21) is just x 1 = whereas the left hand side is mi ! + Ktij'x 3 = 0. 

Note also that the substitution v — ► x is consistent with the 50(2) invariance present in L. 
In consequence, as discussed in section [3j L r inherits this invariance, in this Noether 
symmetry. 

4.3 Making the Lagrangian polynomial: the string 

An obvious and well known example of the relevance of the auxiliary variables is that of the 
reformulation by [6l [7] of the Nambu-Goto action [8j [9] for the string, by intoducing the met- 
ric on the worldsheet as an independent field, whose components are auxiliary variables. It is 
straighforwardly extended to p-branes with the Lagrangian 

c = ^g{g^d^x A d u x B G AB {x) - P + 1) , 
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where Gab is the target space metric, g^ u is the worldsheet metric, g its determinant and g^ v its 
inverse. The EOM for g^ v are, for p ^ 1, g^ v — d fl X A d u X B GAB = 0, which makes g^ v auxiliary 
variables. The string case, p = 1, requires more care, because the EOM for the worldsheet metric, 

2 

9fH/ " gP°d p XPd a XDGcD d ^ xAd - xB ° AB = ' 

does not really allow for the determination of g^. This is actually a consequence of the Weyl 
invariance for the two dimensional worldsheet. Note however that the substitution g^ u — > F^ u 
with = f(x)d ll X A d u X B G AB , for any arbitrary nonvanishing function / on the worldsheet (x 
represents the worldsheet coordinates), already implies ([£] 9 )| F = 0, which is all that matters 
in order to guarantee the consistency of the reduction in this case. Note in addition that this 
substitution includes, in the selection of a specific function /, a gauge fixing for the Weyl invari- 
ance; this is in agreement with the fact that this invariance has no room for it to be realized in 
the reduced theory. There is no contradiction with the results obtained in section 14.11 because, 
striclty speaking, in the case p = 1, according to our definition in section HJ the fields g^ are not 
auxiliary, for they can not be isolated by the use of their own EOM. But they come close (they are 
auxiliary fields after the gauge fixing), and in a more loose sense we can still call them auxiliary 
variables. 

The use of these auxiliary variables for the string and p-branes allows to circumvent the 
problems associated with the quantization of non-polynomial Lagrangians. 

4.4 Reducing the order of the EOM: the example of f(TZ) gravity 

Another possible advantage of the mechanism of enlarging the field content of a theory through 
the addition of some auxiliary variables is the reduction of the order in derivatives of the EOM. 
An interesting example in this respect is provided by some modified theories of gravity. Consider 
for instance the Lagrangian for f(TZ) gravity 

C = V=gf(n)+C m [%g lu/ ], (4.9) 

where we have set IQttG = 1 . In (14. 9p g is the determinant of the metric, 1Z is the scalar curvature, 
and \P denotes some matter fields minimally coupled to the metric. Since fj4.9|) contains second 
derivatives of g^ u the EOM will in general be fourth-order differential field equations. One can 
avoid this complication by following the ideas of [10]. Let us introduce a couple of scalar fields as 
auxiliary variables, see for instance [TTJ [12], A,p, as follows. 



£ e „* = (f(p) -\(p-K))+ C m [®, g^] . (4.10) 

Notice in fact that A is a Lagrange multiplier set to enforce the constraint p — TZ = 0, a procedure 
that should be familar to us after Comment 1 in section [2l Actually, if f"(p) ^ 0, the variable p, 
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taken alone, is auxiliary - instead, A alone is not. It can be isolated from its own EOM as p = h(X), 
with h = and can be plugged into £ enJ , leaving A as a variable in the Lagrangian. We 

obtain 

C = v^S (f(h(X)) - A (h(X) - K)) + C m [V, g^] , 

which is Brans-Dicke theory [13] in the Jordan frame - with Brans-Dicke parameter u>o = and 
some potential for the scalar field. Under the condition h'(X) / 0, which is nothing but f"(p) i=- 0, 
A is now an auxiliary variable. Let us redefine A = e x . The conformal - Weyl - transformation 
9/iu £~ x 9lu/ produces the Lagrangian in the Einstein frame, 

C E = ^=5 (n - ^d^xduX ~ e-*h(e*) + e" 2 * /(%*))) + An[*, e"^] . 

At this point, the status of x as an auxiliary variable is lost, and it becomes a dynamical variable. 
It might seem as if a new dynamical field has appeared out of the blue, but one should notice 
that it accounts for the reduction of the order of the EOM. Note that the coupling of the matter 
fields with the new metric is no longer the minimal one. See [11J for further details, references 
and discussion on the physical interpretation. 

4.5 Closing the algebra of generators: supersymmetry and BRST symmetry 

Auxiliary variables are used in supersymmetry as a means to obtain a closed algebra of the super- 
symmetry generators. Indeed, in a general theory, the algebra of generators of Noether symmetries 
may exhibit, in its right hand side, trivial Noether generators, made up with antisymmetric com- 
binations of the EOM (see for instance [14], chapter three). This defines the case of open algebras, 
which abound in supersymmetric theories unless auxiliary variables are introduced. In fact, such 
type of variables appears in a natural way in the superspace formulation, see for instance |15j . 
Thanks to them, the on shell matching of Bose and Fermi degrees of freedom can be extended off 
shell. 

Auxiliary variables play a similar role in the formulation of BRST symmetry [16J , which is 
the offspring of a former gauge symmetry after it has been gauge fixed at the level of the action. 
A quadratic term of the type J2a=i(f a ) 2 m the Lagrangian may be replaced as 

n n n 

a=l a=l a=l 

where B a are the Nakanishi-Lautrup auxiliary fields (T7JH8]. By integrating them out in a path 
integral formulation - which in this quadratic case is equivalent to the substitution of their own 
classical EOM -, the original quadratic term is recovered. The off shell nilpotent BRST Noether 



12 



charge is constructed with the aid of these auxiliary fields. Nilpotency only holds on shell if the 
auxiliary fields are eliminated. 

In a more general case, in the context of the field-antifield formalism for gauge theories (see 
[T9] for a review and references), one can prove [20] the equivalence of the path integrals before 
and after the elimination of the auxiliary variables. 

The auxiliary variables count as off shell degrees of freedom, but do not count as on shell, 
that is, as physical degrees of freedom. In fact, using the techniques of the theory of constrained 
systems - also considered in the next section - as developed by Rosenfeld, Dirac and Bergmann 
(RDB), [2U [221 EH EH EH 126^1 . a simple analysis in phase space of the BRST example just 
mentioned shows that the variables ir a , canonically conjugate to B a , are primary constraints, and 
their stabilization yields B a — f a as secondary constraints, which are the Lagrangian EOM for 
B a . All together form a set of second class constraints which can be eliminated. In this case the 
Dirac bracket is nothing but the Poisson bracket for the original variables. 



5 Gauge fixing constraints 

Another interesting case to consider is the implementation of a gauge fixing constraint at the 
level of the Lagrangian in a gauge theory. In this case one can use other tools, complementing 
formula (12. 5D . to analyze the issue. Using the RDB formalism, it was shown in [30J . appendix C 
of [31], and [32], that the effect of plugging the gauge fixing constraint into the Lagrangian can be 
compensated by adding to the equations of motion for the reduced theory some constraints that 
have disappeared as such along the process. Consider, as an example, pure electromagnetism in 
the temporal gauge A$ = (^4o is the time component of the gauge field). The reduced theory 
will miss the Gauss constraint, but once this constraint is imposed on the equations of motion 
for the reduced theory, equivalence is reached with the EOM of the original theory supplemented 
with the gauge fixing constraint^. 

A formal example from mechanics may help to clarify why it is so. We can still use formula 
(|2.5p to see what happens in this simple case. Consider a Lagrangian such that it does not depend 
on the velocity of some variable q. The momenta associated with such variable is, in the language 
of RDB, a primary constraint in phase space, because p = jjjj- = for this specific variable. 
Now apply the RDB techniques. If as a result of the phase space constraint analysis it turns 
out that p is eventually first class, this means that the theory exhibits gauge freedom. A good 
gauge fixing constraint is then q = c, where c is a constant, which converts p = into a second 

8 See [27] for a brief introduction to the RDB theory. References of books include [28, 14, 29J. 
9 See [33] for a recent examination of this issue in quantum field theory. 
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class constraint. Note that the EOM for q, [L] q = §| — = 0, implies that in phase space 

we have the equation = §|, but since ^| = as a result of the stabilization of the primary 
constraint, we end up with \ '■= = as a new constraint. In fact, x is an obvious constraint 
in the Lagrangian formalism, regardless of any phase space analysis, but we wanted to make the 
point that x is essentially a secondary constraint in phase space, although it is written here with 
configuration-velocity variables. In any case, this constraint is all we need. Now we can apply 
(H22) to the present situation. ([£]^,)| F is ([L] q )\ q=c = = X c , where ^ c : = X\ q=c - Thus in 

this example we obtain the equivalence 

[L] [q=e = & [L r ] lx ^ = 0, 

which expresses the fact that, in order to reach equivalence with the original theory under the 
gauge fixing q = c, the EOM for the reduced theory, with Lagrangian L r := L\ , must be 
supplemented with the imposition of the constraint x c = 0- More general cases are discussed in 
the references cited above. 

6 Conclusions 

In this paper we have studied the reduction procedure which consists in the substitution of some 
fields by local functionals of the other fields. We give a formula, equation (12. 5p . which shows the 
origin of the possible mismatch between doing it at the level of the Lagrangian or at the level of 
the EOM. Along the way, we make contact with the method of Lagrange multipliers. We also 
discuss the conditions under which a symmetry of the original Lagrangian will yield a symmetry 
of the reduced Lagrangian. In the Noether case these conditions are essentially spelled out in 
equation (|3.4I) . 

The particular case of auxilary variables is discussed in detail. For this kind of variables, the 
reduction is always consistent and the symmetries are always preserved. In particular, Noether 
symmetries are preserved as such. We show basically three uses for the auxiliary variables. First 
(section l4~3j) . they may bring an original non polynomial Lagrangian to a polynomial form; second 
(section [4.4p . their may help to lower the order of the differential EOM; and third (section f4.5|) . 
they may be instrumental in closing off shell the algebra of the Noether symmetry generators. 

Finally, we consider the case where the substitution of fields is made in the context of a gauge 
fixing procedure for a gauge theory. The essential lesson to be drawn is that the reduced theory 
may have lost some constraints that were present in the original theory. Once these constraints 
are reintroduced, consistency between the original and the reduced theory can be achieved. 
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